Abstract. Based on the theory of radical constructivism, this study investigated Year Four pupils' understandings of division by identifying their schemes of the division of whole numbers and how they used them in solving related problematic situations. Data incorporating both verbal and non-verbal behaviors were gathered from seven pupils based on the five clinical interview sessions involving imagining division, representing division, describing process and product of division, interpreting division statement, and solving division problem tasks. Four schemes that were identified are partitioning scheme, measuring scheme, repeated subtraction scheme, and inverse of multiplication scheme. Findings revealed that the measuring scheme was the dominant scheme for the division of whole numbers and the pupils only used the repeated and the inverse of multiplication schemes when they were asked to relate the subtraction or multiplication process with the division process. Further, the pupils were observed to use the long division algorithm in some situations, but there were indications that they used them with little understandings. It is suggested that more remains to be learnt about the nature of pupils' understanding of the division of whole numbers and how schemes of the division of whole numbers are formed and modified. Also, in order to provide appropriate guidance, mathematics teachers need to have some knowledge about pupils' available schemes of the division of whole numbers, no matter how primitive they might seem to the teachers.
INTRODUCTION
Division of numbers is a complex concept [1] . According to Bryant [2] , an understanding of division of numbers requires students to be aware of the relationship between the divisor and the quotient, in addition to having knowledge of equal sharing division between the number of people involved. Correa, Nunes and Bryant [3] , asserts that an understanding of division not only requires students to know equal sharing division, but to be aware of the relationship between the divided, the divisor and the quotient as well as the role of each in a division problem. Next, Fischbein et al [4] , explains the partitive and measurement models, but claims that there is only one intuitive model in division, that is, the partitive model, while the students will later construct measurement model in classroom learning activities.
In general, during the past three decades, many studies have been conducted to identify perceptions and skills of pupils in several aspects of division of whole numbers. However, as far as can be determined, no specific study has been conducted on primary school pupils' scheme in the division of whole numbers. Basic question such as what is the mental imagery of Year Four pupils in the operation of division? How do Year Four pupils use representation in the division of whole numbers? What is the meaning of "operation of division" to Year Four pupils? How do Year Four pupils solve problems of division of whole numbers? To date, there is no conclusive answer to these questions from the perspective of the pupils, although past studies have examined various aspects of these issues. Thus, studies aimed at identifying the scheme in the division of number of Year Four pupils and to determine the scheme they used in solving division of whole numbers problem are relevant because they may help us to understand how Year Four pupils think and act in dividing whole numbers.
DATA AND METHODOLOGY
This study uses a case study design and data is collected by clinical interview technique [5] . Respondents in this study consisted of seven Year Four pupils, three boys and four girls, from a primary school in Kuala Lumpur. The school is chosen because the researcher is familiar with it and this facilitates data collection. The respondents are chosen based on their willingness and enthusiasm to participate in the study. Out of the seven respondents, two of the respondents are high achievers, two are moderate in their achievement, and three of the respondents are low achievers in mathematics test conducted at the school concerned. Gender and achievement are important factors taken into consideration in the selection of respondents to ensure representativeness.
The clinical interview is divided into five sessions, each session takes between 30 minutes to 50 minutes depending on the response of the respondents. Each respondent is interviewed individually and the assignments assigned to the students consist of five components, namely, a mental imagery, representation of division, partition problem, the interpretation of sentence, and problem solving.
Mental Imagery
Mental imagery involves two activities: (a) Students are asked to state what is being imagined in their minds when the word 'divide' is mentioned, and (b) students are asked to read the sentence '6 ÷ 2 ' written on a card and state what is imagined in their minds when the sentence is read. Paper and pencils are provided to enable the pupils to draw diagrams or make notes if necessary.
Representation
Representation involves three activities: (a) Students are asked to read card with '12 ÷ 4 ' written on it and to explain and represent what is read. For this activity, students are provided a piece of paper, a straw, and a button. This step is repeated by using the card that says '8 ÷ 3 'and '7 ÷ 7', (b) Students are asked to construct a sentence or a story about the division based on the diagram provided. This activity is repeated with another figure by showing a different diagram, and (c) students are asked to make representation for '20 ÷ 5' and '20 -5' and tell the similarities and differences between subtraction and division. This activity is repeated with '6 ÷ '17 ' and '17 -6'.
Partition Problem
Partition problem involves three types of activities: (a) Students are given a partition and asked to state the process that occurs in it when two cards with a certain number written on them are inserted one by one into a box through window A, and one other card with a certain number written on it is taken out from the box through window B, (b) students are asked to state the numbers that are taken out from window B when the process that occurs in the box is stated and two cards that are inserted through the window A, and (c) students are asked to determine the number that comes out through window B if the number that entered through A is changed by multiplying the number with ten or a hundred.
Interpretation
Interpretation involves three activities: (a) Students are given sentences on division and are asked to explain the sentences by drawing and storytelling, and then write sentences on multiplication which are considered related to it, (b) students are given sentences on multiplication and are asked to explain the sentences by drawing and storytelling, and then write suitable division sentences; and (c) students are asked to explain the relationship between multiplication sentences and division sentences generally.
Problems Solving
Problems solving involves one diagram showing 36 marbles and one other diagram showing a rectangular figure divided into 24 parts of equal size. Pupils are asked to indicate on the diagram by performing division operation of division by four, by three, by two, by twelve, by nine, by five, and by seven.
Video recording of interviews, notes and drawings by students, and notes made by the researcher in the course of the interview are data pertinent to this study. Data analysis is conducted in four stages: (a) video recording is transcribed into written form, in which the notes and drawings of students and researchers which are relevant are integrated into the data in written form, (b) written data is used to develop a case for each respondent in this study, in which the themes which are in line with the type of problems presented in the interviews is used to compile the case, (c) analysis across case is performed to identify certain behavioral patterns, and (d) whole number division scheme is concluded based on the pattern of behavior identified.
RESULTS AND DISCUSSION
This study has identified four divisions of whole number schemes; they are the partition scheme, measurement scheme, repeated subtraction scheme, and the inverse multiplication scheme. We do not claim to have identified a complete list of division of whole number schemes of Year Four pupils because it is not possible to prepare in view of the fact that pupils will construct a new scheme or to coordinate the existing schemes in a new way. In addition, this study identified long division algorithm used by pupils in several situations involving the division of whole numbers.
Partition scheme
Pupils to interpret the sentence, a ÷ b = c, where a, b, c are whole numbers where a is equal to or greater than b as follows: a is a number of objects given, b is the number of groups or partition to be developed, and c is the number of objects in each group given which are evenly distributed to the b group that is developed.
Measurement Scheme
Pupils to interpret the sentence, a ÷ b = c, where a, b, c are whole numbers where a is equal to or greater than b as follows: a number of objects are given, b is the size of each group to be developed, and c is the number of groups that can be developed
Repeated Subtraction Scheme
Pupils to interpret the sentence, a ÷ b = c, where a, b, c are whole numbers where a is equal to or greater than b as follows: a is the number of objects given, b is the number of objects taken out each time, and c is the number that is being taken out.
Inverse Multiplication Scheme
Pupils to interpret the sentence, a ÷ b = c, where a, b, c are whole numbers and a is equal to or greater than b as follows: a is the product of multiplication, while b and c are two multipliers. In other words, the division sentence is interpreted as the inverse multiplication.
Long Division Algorithm
Pupils use the long division algorithm to support solving division of whole numbers that they make by using a specific scheme or to help them write division sentences.
Overall, the study found that four pupils used the measurement scheme, one pupil used the partition scheme, and two pupils used both measurement and the partition schemes to interpret the division sentence, a ÷ b, where b is equal to or smaller than a. Next, all the pupils managed to have all four whole number division schemes and know the long division algorithm, but the use of schemes or algorithms is dependent on the assimilated situation. In particular, a student who uses the measurement scheme overlooks remainder while solving division problem with remainders. For a student who uses the partition scheme, he cannot solve division problem of a ÷ b involving a remainder because he cannot develop b group of similar size. For example, he cannot solve the problem 36 ÷ 5 by using the partition scheme because he is unable to divide 36 into 5 groups without remainder. This finding supports the studies by Correa, Nunes and Bryant [3] , and Haylock and Cockburn [6] , who find that the idea of sharing division is limited and less relevant in the long term compared with the idea of measurement division. However, the pupil is able to solve the problem 36 ÷ 5 by using long division algorithm, but he does not associate the partition scheme with the algorithm. He also does not show any signs of experiencing conflict in relation to the different results obtained. These findings reinforced the case dealt with by Leung, Wong and Pang [7] , that partition strategy and the long division algorithm involves a different cognitive understanding, and some pupils do not develop the association between the two approaches.
Next, the study finds that pupil use the inverse of multiplication scheme only when they are asked to state the relationship between division operations with multiplication operation. For example, a pupil using the measurement scheme and the partition scheme to solve the problem 28 ÷ 4. When asked by the researcher, he wrote two multiplication sentences, 4 x 7 = 28 and 7 x 4 = 28, considered to be related to 28 ÷ 4 = 7. Pupils regarded multiplication sentence inversed of division sentence and vice verse. In addition, the pupils used the idea of commutative law of division to produce two multiplication sentences for division sentence. He interpreted "4 x 7" as "there are four balls and there are seven groups" and "7 x 4" as "there are seven balls and four groups". Both interpretations are different from the conventional interpretation of multiplication of two numbers.
This study finds that the dominant scheme for dividing whole numbers is the measurement scheme, and the majority of pupils use this scheme to solve problems related to the division of whole numbers with or without remainder. The findings of this study are consistent with the results of study by Murray, Olivier and Human [8] , which finds that students prefer to use the measurement than partition strategy. This finding is also consistent with the study conducted by Lutavoc [1] which finds that eight years old pupils prefer the measurement model and write a story about a division problem involving the idea of measurement as compared with the older pupils. Further, the results of this study is similar to that of the study by Brown [9] , which finds that Grade 2 pupils solve division problems involving measurement better than solving division problems involving partition, and they tend to solve partition problems by using the measurement strategy. In general, many researchers Lutavoc [1] , Mulligan and Wright [10] , Neuman [11] ; agree that pupils' prior knowledge about the division of whole number is probably a result of the restructured counting scheme, addition or subtraction the pupils have and hence developed based on the idea of sequencing, merger, measurement, or partition. Although involving different matter, and one of which is about the operation of division and the other one about fractions, this view does not contradict the restructuring hypothesis developed by Steffe and Olive [5] , in which the fraction scheme which the pupils possess is assumed to have evolved from accommodation scheme of counting numbers owned by them. As a step forward, our understanding of pupils' knowledge about the division of whole numbers may be improved through identifying the manner pupils construct a whole number division scheme and the main factors that influence the construction of the scheme.
CONCLUSION
This study does not claim that whole number division scheme identified is the typical scheme for other pupils. However, it is not reasonable to assume that the division of whole number scheme as discussed is one which is totally different from scheme possessed by other primary school pupils. If there is any generalization, that is, if natural generalization exists, then the implications of the findings of this study for further research and teaching should be given due attention [12] . For example, to understand better how primary school pupils create meaning for the division of whole numbers, many things still need to be learnt, such as about the characteristics of the division of whole numbers scheme possessed by pupils and how this scheme is developed, modified, and expanded. The results of this study indicate the possibility of changes in the features of the division scheme which is possessed by the pupils. For example, a pupil who uses the partition scheme to interpret the interpret division sentences fails to solve the problem: 36 ÷ 5, because he is unable to divide the 36 items into 5 groups without any remainder or residue. However, other pupils using the same scheme managed to solve the problem, in which they ignore the remainder, and treat the remainder "7 remaining 1" as the answer. In fact, one important question that needs to be examined is whether a division scheme possessed by the pupils has changed and become more viable gradually.
This study finds that pupils using the repeated subtraction scheme and inverse multiplication scheme only when they are asked to determine whether subtraction or multiplication is associated with division. One question that needs further study is, "What are the other situations that can activate the repeated subtraction scheme and the inverse multiplication scheme?" Pupils in this study are also found using the long division algorithm mechanically. One question that arises is, "What is the way to help pupils create meaning for the long division algorithm used by them?"
In addition, the results of this study show that the measurement scheme is the dominant division of whole numbers scheme for Year Four pupils. Two questions that arise are, "What are the main factors that contribute to the existence of this phenomenon?", and "Do students in Years Two and Six have a scheme of division of whole numbers that is different from Year Four pupils'?"
In the context of teaching, the teacher who wants to provide effective guidance to pupils should have some knowledge about division of whole numbers scheme possessed by the pupils, no matter how primitive it may appear to be from the perspective of the teacher. In this study, four schemes or explicit models of division of whole numbers for Year Four pupils are formulated. We should be aware that a model is only one possible explanation that is being observed and it does not reflect the reality of pupils' knowledge about the division of whole numbers. However, these models are useful in helping teachers to form concepts of how a pupil thinks and acts when he is dealing with problems involving division of whole numbers. In short, classroom teaching must be in harmony with the schemes of division of whole numbers that are possessed by the pupils. Teachers cannot assume that pupils will create meaning for the division of whole numbers in a clear manner and in line with the expectations of teachers. Therefore, in the preparation or planning of learning activities, one must take into account the division schemes possessed by the pupils.
